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Abstract A mathematical model is proposed that describes
the processes of electrooxidation of metal nanoparticles
localized on the surface of an indifferent macroelectrode. In
contrast to previously proposed models based on geometric
factors (shapes of particles and diffusion zones), the
proposed model has introduced thermodynamic consider-
ations which take into account the energy differences
between the nanoparticle ensembles from microparticles
and macroparticles. A series of voltammograms was
obtained as a result of calculations and characteristic
relationships between the different parameters were found.
An analysis of the findings, on the one hand, predicts the
shape and characteristic features of the experimental
voltammograms and, on the other hand, provides informa-
tion regarding energetic properties of the nanoparticles.
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Introduction

Nanotechnology has vast potential in developing new
constructive material, fuel cells, microreactors, drug deliv-
ery and imaging devices, biosensor parts, and personal care
products. A number of properties of nanostructural materi-
als (NSM; considerable specific surface and, consequently,
high adsorptivity) afford prospects for using NSM to create
a new class of chemical and biological sensors. Nano-
particles are used in such sensors as transducers, catalytic
components, and markers [1–7].

The development of nanotechnologies and the expanded
practical application of nanomaterials require comprehen-
sive information regarding their properties. Electrochemical
methods can provide very valuable information both for
analysis of the thermodynamic and energy properties, as
well as the kinetics of redox reactions, in addition to
methods of dynamic light scattering and electron and
atomic force microscopy.

The goal of the proposed work is a mathematical
modeling of the electrooxidation processes of metal nano-
particles, a search for a representation of the size and
surface energy effects in the form of experimental curves,
and further study of the sensory properties of nanoparticles
in particular.

Some previous studies in this field of research need to be
mentioned here: thus, Compton and coauthors [8, 9]
proposed a mathematical model for the electrochemical
stripping of silver or bismuth nanoparticles from a solid
electrode. Model is based on geometrical and diffusion
approach.
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Our aim is to take into account size-dependent energy
effects on electrode process, extending approaches given in
previous works. It is based on the concept introduced in
[10, 11], in which different energetic states of the metal
were distinguished as the energy spectrum of the metal: MI

(ΔG°<0), MII (ΔG°=0), MIII (ΔG°>0),where MI, MII, MIII

denotes metal in the first, second, and third energy states,
respectively; ΔG° is Gibbs energy.

It was assumed that in case of the metal MI (adsorbate,
adatoms) the metal is bound to the electrode surface more
strongly than in the bulk crystal lattice (metal in the second
energy state MII). It corresponds to the minimum energy
state of the system metal–electrode. An in-depth discussion
of the adatoms on the electrode is outside the scope of this
paper. For detailed discussion of adatoms on electrodes, see
[10, 11]. MII corresponds to equilibrium state. MIII is
energy-rich state that is typical for the systems, where
surface energy should not be omitted from the consider-
ation We propose an approach capable of treating the
electrochemical dissolution of nanoparticles when such
energetic considerations are crucial.

Mathematical modeling and numerical simulation

Our model for electrooxidation is based on the following
assumptions:

1. The impact of the surface layer on the phase overall
properties is determined by the specific surface per unit
of volume (S/V).

2. Electrooxidation is described by an electrical charge
balance equation: Me ¼ Menþ þ ne:

3. Kinetics of the process is determined by:

(a) The rate of electron transfer
(b) The diffusion removal of metal ions from the

surface
4. On the surface of an electrode with area Se, hereinafter

considered to be an infinite plane, initially, there is Q0 a
mixture of uniformly distributed spherical nanoparticles
with radius r0 II (metal in the second state) and r0 III

(metal in the third state) larger and smaller than a
certain critical radius rcr, respectively. The percentage
of subcritical size particles in the mixture equals δ.
Electrooxidation processes in polydispersional systems
will be discussed in a future publication.

5. Change of potential E from its initial value Ein with rate
ν leads to electrodissolution of the particles, observed
as a current i ¼ iII þ iIII

6. The total quantity of electricity Q0 that might flow during
dissolution of all the particles from the surface of an
indifferent electrode (initial charge) is Q0 ¼ Q0 II þ Q0 III:

7. Sufficient electrolyte is present to suppress migration
effects.

8. The current magnitudes are proportional to the surface
area of the corresponding particles.

9. Calculations of the voltamperograms describing nano-
particles electrodissolution from the indifferent elec-
trode surface are based on the following expressions
that determine the electrical current magnitude:

i ¼ iII þ iIII; ð1Þ

iII ¼ n F ks SIIðtÞ aM exp
n b F
RT

E � E0
� �� ��

� c x ¼ 0; tð Þ exp � na F

RT
E � E0
� �� ��

;

ð2Þ

iIII ¼ n F ks SIIIðtÞ aM exp
n b F
RT

E � E0
� �þ bΔG0

RT

� ��

� c x ¼ 0; tð Þ exp � na F

RT
E � E0
� �� aΔG0

RT

� ��
;

ð3Þ
Here, x is coordinate normal to the surface (x=0

corresponds to a point on the plane), c(x=0,t) is concentra-
tion of the particles on the electrode surface at time t; i(t) is
the current. Usually, this concentration (c(x,t)) is calculated
solving the partial differential equations for a sample particle
taking into account the particles distribution on the surface.
Alternatively, the concentration c(t) can be determined
directly from the current i(t). Taking into account the small
diameter of the particles (compared to the dimensions of the
electrode), the field of concentrations near the surface can be
determined by solving the diffusion problem in which the
electrode is viewed as a continually operating flat source of
ions. These ions come to the solution while the nanoparticles
are being dissolved. This assumption allows avoiding the
necessity of the detailed modeling of the dissolution kinetics.
Hence, concentration field near the electrode surface depends
only on the coordinate normal to the surface.

The solution of a similar problem of heat conductance by
the Green function method is given in [12]. The field of
concentrations in the vicinity of the electrode in this
situation is described by the formula:

c x; tð Þ ¼ 1
ffiffiffiffiffiffiffiffiffiffiffi
4 pD

p
Z t

0

exp � x2

4D t � tð Þ
� �

f tð Þ dt
ffiffiffiffiffiffiffiffiffiffi
t � t

p ; ð4Þ

Here, 7 (t) is output of the source per unit of surface area
per second:

f tð Þ ¼ i

n F Se
; ð5Þ
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Charge balance equations

QII ¼ Q0II �
Z t

0

iII dt; ð6Þ

QIII ¼ Q0III �
Z t

0

iIII dt ð7Þ

close the model.
Here:

Q0II ¼ A r30II ¼
4

3
p r30II r

nFNII

M
; ð8Þ

Q0III ¼ A r30III ¼
4

3
p r30III r

nFNIII

M
; ð9Þ

QII ¼ A xII
3 ¼ 4

3
p xII

3 r
n FNII

M
; ð10Þ

QIII ¼ A x3III ¼
4

3
p x3III r

n FNIII

M
: ð11Þ

Surface of the particles at initial and subsequent times is
determined by Eqs. 12 and 13

SIIð0Þ ¼ NII 4 p r
2
0II; SII tð Þ ¼ NII 4 p x

2
II; ð12Þ

SIIIð0Þ ¼ NIII 4 p r
2
0III; SIII tð Þ ¼ NIII 4 p x

2
III: ð13Þ

Here:

E ¼ Ein þ vt
ks—constant of the electrode process rate, cm s-1;
n—number of electrons participating in the electrode
process;
F—Faraday number, C mol−1;
aM —solid-phase activity, mol cm−3;
α, β—electrode process transfer coefficients;
R—universal gas constant, J mol−1 K−1;
T—temperature, °K;
Еin—initial potential, V;
ν—potential scan rate, V s−1;

M—molecular mass, g mol−1;
ρ—specific density, g cm−3;
N—number of particles of each kind

The mathematical model for the oxidation of a two-
dimensional set of nanoparticles is thus expressed by
Eqs. 1–13. These equations are solved numerically. The

calculations employs an explicit scheme with time step h1=
10−5s (see [12] for detailed discussion). Initial condition is c
(t=0)=0 and i(t=0)=0. The initial magnitudes of total charge
and initial radiuses of the dissolved particles are Q0II, Q0III,
and r0II, r0II, respectively. At each step t, current i(t) is
obtained from Eqs. 1–3 using concentration from the
previous time step c(t−h). i(t) is then used in Eq. 4 providing
concentration c(t).

Comparison of the calculated according to the discussed
model voltammograms with the experimental ones will be
given in the next paper and will be the evidence of the
approach adequacy.

Numerical results

Analysis of the aforementioned problem shows that almost all
the parameters of the model are either tabular quantities or data
assigned by the experimental conditions such as temperature,
particle size, and amount of substance in the particles (initial
charge) and rate of potential sweep. The magnitude of the
Gibbs surface energy is an exception and its selection needs to
be clarified. Although the latter can be calculated easily:

DG� ¼ s � S ð14Þ
(σ is surface tension).
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Fig. 2 Dependence of gold melting point on the particle diameter.
Reprinted with permission from Cristina et al. [13]
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However, the results of these calculations can hardly
yield a precise value for ∆G° since surface tension on the
interface of the solid state–water/air is not always exactly
known. Nevertheless, as a certain approximation, the
proposed method can be considered reasonable.

Figure 1 shows the calculated dependence of ∆G° on r
(Eq. 14 and correlation between S and r were used). It is
apparent from the figure that there is a significant change
in the nature of this dependence if the radius is smaller
than 100 nm. When the particle radius exceeds 100 nm,
the Gibbs energy almost does not depend on the particle
radius.

Figure 2 shows dependence of gold melting point on the
particle diameter taken from [13]. It is easily discernible that
the melting point of particles with diameter greater than 50 nm
becomes equal to the melting point of bulk gold; the melting
point of particles with diameter less than 50 nm is
significantly lower than the melting point of the bulk metal.
Similar results were obtained during the study of properties of
silicon nanoparticles [14]. It can be concluded from a
comparison of data given on the Figs. 1 and 2 that, on the
one hand, the particles with diameter over 50–100 nm are
close in properties to the bulk metal phase and the sample
passes from a state MIII to a state MII. On the other hand, the
correlation of calculated and experimental data indicates the
plausibility of the selected method to account for the nano-
particle energy characteristics. Taking these data into account,
there is a natural conclusion that the properties of the system
consisting of particles with radius equal to or exceeding 1 μm
do not differ from the properties of the bulk phase. With the

exception of an especially stipulated cases, rII=1 μm for the
metal particles MII is used for the calculations.

Figure 3 shows voltammograms calculated using r0 III=
40 nm, r0 II=1 μm, ks=10

−7 and 10−4cm s−1, and ∆G°=0
and 5,000 J mol−1. The impact of ∆G° increase is expressed
as a current shift IIII towards current III and reduction in the
difference of the current maximum potentials. It means that
the properties of the system are shifted from nano (MIII) to
the bulk metal—(Mll) state. The behavior mentioned is
obviously the consequence of Gibbs surface energy impact
into the system energy. Electrode process kinetics (ks
increase) is reflected in the shift of potential maximums to
less-positive potentials in comparison to the voltammo-
grams for smaller ks.

Figures 4 and 5 show voltammograms that were calculat-
ed for particles of varying size with ks=10

−7 (irreversible
process) and ks=10

−4 (reversible process). It is easy to see
that increase in the particle radius results in a conversion of
the curve with two separate peaks into a curve with
overlapping peaks and then into a voltammogram with one
current peak regardless of ks and the initial quantity of
substance Q0 on the electrode surface. The voltammograms
describing reversible process are shifted to less-positive
potentials in comparison to the voltammograms for irrevers-
ible process. Kinetics of the process is reflected in the nature
of the dependence of the maximum current on the particle
size (Fig. 6). It is apparent that, in the irreversible process,
currents III and IIII do not depend on the particle size and
essentially do not differ in magnitude (when QII=QIII). In the
reversible process, current IIII increases drastically when the
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Fig. 3 Voltammograms calcu-
lated using: M=196.96 g
mol−1, E°=0.95 V, ρ=19.3 g
cm−3, v=0.10 V s−1, Ein=
0.00 V, δ=0.50, Q0=20 μC,
r0 III=40 nm, r0 II=1 μm, ks=
10−7cm s-1 (a, b), and ks=10

−4

cm s−1 (c, d), ∆G°=0 (a, c), and
∆G°=5,000 J mol−1 (b, d). (1)
IIII, (2) III, (3) IIII+III
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particle radius becomes smaller 50 nm and IIII>III under
conditions when the currents do not differ in the irreversible
process (with QII=QIII).

Figure 7 shows the dependence of the difference in
potentials of current maximums DEmax ¼ Emax IIð Þ � Emax IIIð Þ
on ∆G°, calculated for particles of varying size (a), and on
particle radius, calculated for different ∆G° (b).

An increase is observed in the difference of current peak
potentials with an increase in ∆G° and decrease when the
particle radius rises. However, the ∆Еmax= f(∆G°) plot is not
extrapolated to zero. The difference in ∆Еmax from zero is
greater as the particle radius becomes smaller. In addition to
this energy factor (∆G°), during electrooxidation of nano-
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particles, the geometric component evidently contributed.
We note that the kinetics of the process has little impact on
the dependence of ∆Еmax on ∆G° and particle radius. The
corresponding curves calculated for reversible and irrevers-
ible processes (ks=10

−4 and 10−7) differ only for very small
particles (Fig. 8).

Figure 9 represents voltammograms calculated for
reversible (ks=10

−4) electrooxidation of nanoparticles, the
size of which slightly differs. At ∆G°=0 currents III and IIII
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practically are overlapped, forming one peak I. At ∆G°=
5,000 J mol−1, we see partly overlapped distinguished
peaks. In addition, a very interesting fact is observed: the
increase of current IIII is followed by appearance of
negative (cathodic) current, corresponding to III. It is
obviously the consequence of appearance of metal ions in
near-electrode layer as a result of dissolution of small
nanoparticles.

The new results (Figs. 1, 3, 4, 5, 6, 7, 8, and 9) and the
published data (Fig. 2) thus confirm the aforementioned
view that decrease in the surface energy and increase in the
particle radius result in the system properties becoming
closer to the properties of the corresponding bulk phase,
i.e., a decrease in the metal contribution to the MIII state and
increase in the metal contribution to the state MII to the
system properties. This conclusion is obvious both from the
general views and stems also from the conditions 2 and 3 of
the problem.

Thus, assigning the values for ∆G° and the size of the
studied particles calculated by, Eq. 14, we can predict the
shape of the voltammograms, and, conversely after obtain-
ing an experimental series of voltammograms for varying
sizes of particles, we can estimate the Gibbs energy of the
studied system and assess the critical particle radius, i.e.,
the radius at which the metal acquires the properties of the
bulk metal.

Figure 10 shows the dependences of the maximum
currents IIII and III on the corresponding values Q0. It is
apparent that, in the irreversible process, currents III and IIII
essentially do not differ in magnitude. In the reversible
process, current IIII>III. Table 1 shows the corresponding
dI/dQ values.

Figure 11 shows the dependences of the maximum
current potentials on potential sweep rate (logarithmic
scale). ΔE/Δ(log v)=0.18 regardless of ks and r.

Figure 12 shows the dependence of the current maxi-
mum on the electrode potential sweep rate. It is apparent
from the cited data that, in the irreversible process, currents
III and IIII essentially do not differ from each other (at QII=
QIII). In the reversible process, current IIII>III.

Conclusion

Size-dependent property is one of the essential features of
nanostructured materials that should be taken into account
in consideration of their electrochemical behavior. Of great
significance is a study by Krebbs and Roe [15] who
investigated discharge ionization of silver on single-silver
crystals. They found a higher reactivity of a fresh metal
deposit compared to a bulk metal. They observed an
extremely interesting fact: clearly pronounced peak of
dissolution of this deposit from the surface of the like
electrode. This phenomenon can be considered as prognos-
tication of nanoparticle behavior. Our preliminary experi-
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Table 1 Values dI/dQ for reversible and irreversible processes
(various ks)

ks dIIII/dQIII r0 III=5nm dIII/dQII

10−4 reversible process 1.22 0.87

10−7 irreversible process 0.84 0.84
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ments have demonstrated appearance of metal nanoparticles
electrooxidation peak on voltammogram at the less-positive
potential, then bulk metal electrooxidation peak.

In previous works, microparticles or nanoparticles are
considered as independent electrodes, and electroactive
substance diffuses to its surface from the solution. In these
cases, process kinetics is determined by diffusion zone
geometry (overlapping, for example). In our case, anodic
process (electrodissolution) is considered. Electroactive
substance is uniformly distributed nanoparticles localized
on the electrode surface and electrode process products are
taken off by diffusion. Namely, the concentration of this
product in the near-electrode layer determines cathodic-
stage kinetics in reversible process. The most publications
concerning metal nanoparticles dissolution process model-
ing include the concentration field determination stage near
a separate particle (kinetics approach analog). At that, the
effect of one or another type of symmetry is taken into
account (symmetry cell allocation, mutual-particle location
specification, isotropy of particles dissolution near a surface
postulate, etc.).

We proposed a new alternative approach to the nano-
particle electrodissolution consideration. We draw an
analogy with the thermodynamic method where the ion
concentration near the dissolving metal particles can be
determined without the detailed analysis at the separate
particle level and their location consideration. An electrode
with the huge amount of nanoparticles on it is considered as
a continuously acting plane source with its intensity current
being measured in the course of experiment. The
corresponding diffusion problem appears to be spatially
one-dimensional and its solution can be found rather easily.
Concentration expression in terms of current allows us to
close the model and to obtain an equation concerning the
current. It is considered that anodic stage takes place on
nanoparticles (those are the product sources) that determine
cathodic stage of the process kinetics. Thus, our model is
notable for it is based on the thermodynamic approach and
considers an energy factor, namely the contribution of the
surface energy to the energy of the system which is
extremely appreciable for the nanoparticles.

The above-mentioned approaches that are supplement
with one another present different investigation methods of
a complicated polyvalent process. However, in the absence
of the knowledge of the process details, the thermodynamic
approach seems to be the most preferable.

Taking into account previously published [10, 11, 15]
data and known substantial contribution of surface energy
into system energy, we introduced Gibbs energy into
equations that serve for electrode process description. Thus,
mathematical model proposed have given an opportunity to

simulate nanoparticles electrooxidation and obtained a
series of voltammograms corresponding to different param-
eters. It has been shown that with a specific surface tension
a very pronounced dependence of the Gibbs surface energy
on the particle radius appears, which agrees with the
generally accepted ideas and the aforementioned depen-
dence of metal melting point on the metal particle size. This
indicates that the proposed method is substantiated for
estimating the quantity ∆G° that is used in the calculations.
The shape of the calculation voltammograms (presence of
one or two peaks), current distribution, and difference in
current peak potentials are determined by the magnitude of
Gibbs energy and the particle radius. A difference in the
quantities dI/dQ and dE/d(log v) is observed for currents IIII
and III. Mathematical modeling of electrooxidation of metal
nanoparticles has thus shown an interrelationship between
the size and surface energy effects and shapes of the
experimental curves. This confirms that electrochemical
methods may be used as the source of very valuable
information both for analysis of thermodynamic and energy
properties of nanomaterials and the kinetics of redox
reactions of nanoparticles. In subsequent papers, we will
demonstrate the agreement between theory and experiment
and some possible practical applications of electrochemical
information.
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